
ECON 164: Theory of Economic Growth

Week 2: The Solow Model

Levi Crews

Winter 2026



Recap

• three organizing questions:
1. Why are we so rich and they so poor?
2. What is the engine of economic growth?
3. How do “growth miracles” happen?

• facts of economic growth:
• enormous variation in levels and growth rates of GDP per capita
• growth rates are not necessarily constant
• countries can move from “poor” to “rich” and vice versa
• Kaldor facts (what characterizes “frontier” growth?) + Jones-Romer facts

• this week: Solow model

• Week 3: Ramsey-Cass-Koopmans model

• Week 4: Neoclassical models ↔ Facts
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What is a model?

A mathematical representation of some aspect of the economy. . .

• agents’ objectives, constraints
• market structure, feasibility conditions
• parameters, exogenous variables

. . . that determines how we interpret data and evaluate policy

So we need to make design choices:

All theory depends on assumptions which are not quite true. That is what makes it
theory. The art of successful theorizing is to make the inevitable simplifying assump-
tions in such a way that the final results are not very sensitive. (Solow, 1956)

(continuous time this week, discrete time next)
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The Solow model (Solow, 1956, 1957)

1. How do economies produce?

2. How do economies accumulate factors of production?

4 / 33



The Cobb-Douglas production function

Yt = Kα
t

(
Lt

)1−α

Yt is output: “units of GDP”

• just one good
(vs. many goods or multi-sector)

• no international trade
(vs. trade, FDI, tech. diffusion)

Kt is capital:

• in practice: durable physical inputs
(machines, buildings, pencils, . . . )

• in model: “units of GDP”

Lt is labor: headcount × hours
(later: human capital, skills, health . . . )
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Returns to scale

What happens to output if we double K and L?

Ft(Kt, Lt) = Yt

→ Ft(λKt,λLt) = . . .

decreasing returns to scale Ft(λKt, λLt) < λYt (fixed factor)

constant returns to scale Ft(λKt, λLt) = λYt (replication)

increasing returns to scale Ft(λKt, λLt) > λYt

With Cobb-Douglas:

Ft(λKt, λLt) = (λKt)
α
(

λLt

)1−α

= λα+(1−α)(Kt)
α
(

Lt

)1−α

= λYt
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Other characteristics of a neoclassical technology

2. positive but diminishing returns

3. Inada conditions

4. essentiality

(Barro and Sala-i Martin, 2004, pp. 26–28)
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(Barro and Sala-i Martin, 2004, pp. 26–28)

∂Ft

∂Kt
> 0,

∂2Ft

∂K2
t

< 0

∂Ft

∂Lt
> 0,

∂2Ft

∂L2
t

< 0
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Other characteristics of a neoclassical technology

2. positive but diminishing returns

3. Inada conditions

4. essentiality

(Barro and Sala-i Martin, 2004, pp. 26–28)

lim
Kt→0

∂Ft

∂Kt
= lim

Lt→0

∂Ft

∂Lt
= ∞

lim
Kt→∞

∂Ft

∂Kt
= lim

Lt→∞

∂Ft

∂Lt
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Other characteristics of a neoclassical technology

2. positive but diminishing returns

3. Inada conditions

4. essentiality (implied by #1–3)

(Barro and Sala-i Martin, 2004, pp. 26–28)

Ft(0, Lt) = Ft(Kt, 0) = 0
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Introducing “productivity”

Yt = Kα
t (AtLt)

1−α

Specified as labor-augmenting (“Harrod neutral”)—does it matter?

• in general, yes: (Barro and Sala-i Martin, 2004, pp.52–53, §1.5.3)

• with Cobb-Douglas, no: could just write Yt = ÂtK
α
t L

1−α
t w/ Ât = A1−α

t

What about returns to scale? CRS in {Kt, Lt}, not {Kt, Lt, At}
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The stage we’ve set

Growth can either be from. . .

• getting more K

• getting more L

• improving A

9 / 33



The representative firm

Assume a large number of identical firms
using the same Cobb-Douglas technology
maximize profits

max
Kt,Lt

πt = Yt − rtKt − wtLt,

taking factor prices as given:

• rt is the rental rate of capital

• wt is the wage rate

(why “large number of identical firms”?)

Take first-order conditions:

[Kt] rt = αKα−1
t (AtLt)

1−α

= α
Yt
Kt

[Lt] wt = (1− α)Kα
t A

1−α
t L−α

t

= (1− α)
Yt
Lt

so. . .

• zero profits (why? check!)

• constant factor shares:

rtKt

Yt
= α and

wtLt

Yt
= 1− α
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Checklist: Kaldor facts

□ output per worker (y = Y/L) should grow at a constant rate (gy)

□ capital per worker (k = K/L) should grow at a constant rate (gk)

□ the capital-output ratio (K/Y ) should be constant

□ the rate of return on capital (r) should be constant

□ the share of income going to labor (wL/Y ) should be constant

□ the share of expenditure going to capital (s) should be constant

□ wages (w) should grow at the same rate as output per worker

11 / 33
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Why else Cobb-Douglas?

It’s the first-order approximation to any CRS production function (Syverson, 2011)

Start with Yt = Ft(Kt, Lt), then totally differentiate and ÷ by Yt:

dYt
Yt

=
∂Ft

∂Kt

dKt

Yt
+

∂Ft

∂Lt

dLt

Yt
=

∂Ft

∂Kt

Kt

Yt

dKt

Kt
+

∂Ft

∂Lt

Lt

Yt

dLt

Lt

= rt
Kt

Yt

dKt

Kt
+ wt

Lt

Yt

dLt

Lt

d lnYt =
rtKt

Yt
d lnKt +

wtLt

Yt
d lnLt

d lnYt ≈ αd lnKt + (1− α) d lnLt

Yt ≈ Kα
t L

1−α
t

(assumes perfect competition in factor markets)

12 / 33



Why else Cobb-Douglas?

It’s the first-order approximation to any CRS production function (Syverson, 2011)

Start with Yt = Ft(Kt, Lt), then totally differentiate and ÷ by Yt:

dYt
Yt

=
∂Ft

∂Kt

dKt

Yt
+

∂Ft

∂Lt

dLt

Yt
=

∂Ft

∂Kt

Kt

Yt

dKt

Kt
+

∂Ft

∂Lt

Lt

Yt

dLt

Lt

= rt
Kt

Yt

dKt

Kt
+ wt

Lt

Yt

dLt

Lt

d lnYt =
rtKt

Yt
d lnKt +

wtLt

Yt
d lnLt

d lnYt ≈ αd lnKt + (1− α) d lnLt

Yt ≈ Kα
t L

1−α
t

(assumes perfect competition in factor markets)

12 / 33



Why else Cobb-Douglas?

It’s the result of aggregating many Leontief production functions∗ (Houthakker, 1955)

A surprisingly rich area for current research (led by UCLA’s own David Baqaee):

• aggregation w/ growth (Jones, 2005)

• aggregation w/ any complementary inputs (Boehm and Oberfield, 2020)

• aggregation w/ distortions, nonlinearities (Baqaee and Farhi, 2019; Baqaee and Rubbo,

2023)

(∗assumes Pareto distribution)
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GDP per capita

For simplicity, let’s assume full labor force participation. . . (cf. Table 1.1, Col. 3)

GDP per capita = yt

≡ Yt
Lt

=
Kα

t (AtLt)
1−α

Lt
=

(
Kt

AtLt

)α

At ≡ k̃α
t At

where we call k̃t the stock of capital (Kt) per efficiency unit of labor (AtLt)
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GDP per capita

What happens if we. . .

• increase Kt?

• increase Lt?

• increase At?

(in eqbm: indirect effects matter, too!)
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Growth rates: “take logs and derivatives”

For any variable x, let gx = d lnx
dt

= dx/dt
x

≡ ẋ
x

be its growth rate

Let’s take logs then derivatives w.r.t. t of the GDP per capita equation:

ln yt = α ln k̃t + lnAt

= α (lnKt − lnAt − lnLt) + lnAt

d ln yt
dt

= α

(
d lnKt

dt
− d lnAt

dt
− d lnLt

dt

)
+

d lnAt

dt

gy = α(gK − gA − gL) + gA

(right now, gx could still be time-varying)
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The Solow model

1. How do economies produce?

Yt = Kα
t (AtLt)

1−α

2. How do economies accumulate factors of production?
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Capital accumulation

K̇t = It − δKt

• δ is the depreciation rate of capital

• It is gross investment in capital

• It is gross investment in capital = savings (Yt −Ct) in a closed economy

• key assumption: savings rate s is exogenous
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Checklist: Kaldor facts

□ output per worker (y = Y/L) should grow at a constant rate (gy)

□ capital per worker (k = K/L) should grow at a constant rate (gk)

□ the capital-output ratio (K/Y ) should be constant

□ the rate of return on capital (r) should be constant

□✓ the share of income going to labor (wL/Y ) should be constant 1−α ≈ 2
3

□ the share of expenditure going to capital (s) should be constant

□ wages (w) should grow at the same rate as output per worker
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The growth rate of capital

Divide both sides of the capital accumulation equation by Kt:

gK =
K̇t

Kt
= s

Yt
Kt

− δ = s
Kα

t (AtLt)
1−α

Kt
− δ

= s

(
AtLt

Kt

)1−α

− δ

= sk̃α−1
t − δ

How does gK change with k̃t? ↓ b/c diminishing MPK (α < 1)
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Closing the model

What about At and Lt?

Assume exogenous growth rates:

At = A0 e
gAt

Lt = L0 e
gLt

(possibly zero!)

Let’s check. . .

Ȧ

A
=

dA/dt

A
=

d lnAt

dt

=
d[lnA0 + gAt]

dt

= gA
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The Solow model

1. How do economies produce?

Yt = Kα
t (AtLt)

1−α

2. How do economies accumulate factors of production?

K̇t = sYt − δKt

(At and Lt grow exogenously)

22 / 33



Solving the model

What does it mean to “solve” the model?

Given. . .

• initial levels {K0, A0, L0}
• parameters {α, s, δ, gA, gL}
• equations of the model

. . . we obtain a time path for the endogenous variables {Kt, Yt} expressed in terms of
the exogenous variables {At, Lt}, parameters, and initial conditions.

(full analytical solution in Jones and Vollrath (2024, Appx. B.2))
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Focus on the path of k̃t

Check : Can you transform

gK = sk̃α−1
t − δ

into

dk̃t
dt

= sk̃αt − (δ + gA + gL)k̃t

in two steps?

What about the rest of the variables?

yt = Atk̃
α
t

ct = (1− s)yt

wt = (1− α)yt

rt = αk̃α−1
t

...
Kt

Yt
= k̃1−α

t
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The traditional phase diagram (dk̃/dt vs. k̃)

Solve for k̃ss:

dk̃t
dt

= sk̃αt − (δ + gA + gL)k̃t

0 = s
(
k̃ss

)α

− (δ + gA + gL)k̃
ss

k̃ss =

(
s

δ + gA + gL

) 1
1−α

What happens if k̃0 < k̃ss? k̃t ↗

What happens if k̃0 > k̃ss? k̃t ↙

How quickly?
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The Jones-Vollrath phase diagram (gK vs. k̃)

Solve for k̃ss:

gk̃ = gK − gA − gL

0 = s
(
k̃ss

)α−1

− δ − gA − gL

k̃ss =

(
s

δ + gA + gL

) 1
1−α

Same transitional dynamics . . .

How quickly? Read it off the gap!

(bigger gap = faster transition)
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The balanced growth path (BGP)

Remember what we care about: GDP per capita

gss
y = α(gss

K − gA − gL) + gA

What about aggregates? Yt = ytLt, Ct = (1− s)Yt, Kt = k̃t(AtLt)

gss
Y = gss

C = gss
K = gA + gL

All steady-state growth here is exogenous!
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Checklist: Kaldor facts

□ output per worker (y = Y/L) should grow at a constant rate

□ capital per worker (k = K/L) should grow at a constant rate

□ the capital-output ratio (K/Y ) should be constant

□ the rate of return on capital (r) should be constant

□✓ the share of income going to labor (wL/Y ) should be constant 1−α ≈ 2
3

□✓ the share of expenditure going to capital (s) should be constant s ≈ 1
4

□ wages (w) should grow at the same rate as output per worker

28 / 33



Checklist: Kaldor facts

□✓ output per worker (y = Y/L) should grow at a constant rate gss
y = gA

□ capital per worker (k = K/L) should grow at a constant rate

□ the capital-output ratio (K/Y ) should be constant

□ the rate of return on capital (r) should be constant

□✓ the share of income going to labor (wL/Y ) should be constant 1−α ≈ 2
3

□✓ the share of expenditure going to capital (s) should be constant s ≈ 1
4

□ wages (w) should grow at the same rate as output per worker

28 / 33



Checklist: Kaldor facts

□✓ output per worker (y = Y/L) should grow at a constant rate gss
y = gA

□✓ capital per worker (k = K/L) should grow at a constant rate gss
k = gss

k̃
+ gA

□ the capital-output ratio (K/Y ) should be constant

□ the rate of return on capital (r) should be constant

□✓ the share of income going to labor (wL/Y ) should be constant 1−α ≈ 2
3

□✓ the share of expenditure going to capital (s) should be constant s ≈ 1
4

□ wages (w) should grow at the same rate as output per worker

28 / 33



Checklist: Kaldor facts

□✓ output per worker (y = Y/L) should grow at a constant rate gss
y = gA

□✓ capital per worker (k = K/L) should grow at a constant rate gss
k = gA

□ the capital-output ratio (K/Y ) should be constant

□ the rate of return on capital (r) should be constant

□✓ the share of income going to labor (wL/Y ) should be constant 1−α ≈ 2
3

□✓ the share of expenditure going to capital (s) should be constant s ≈ 1
4

□ wages (w) should grow at the same rate as output per worker

28 / 33



Checklist: Kaldor facts

□✓ output per worker (y = Y/L) should grow at a constant rate gss
y = gA

□✓ capital per worker (k = K/L) should grow at a constant rate gss
k = gA

□✓ the capital-output ratio (K/Y ) should be constant Kss/Y ss = (k̃ss)1−α

□ the rate of return on capital (r) should be constant

□✓ the share of income going to labor (wL/Y ) should be constant 1−α ≈ 2
3

□✓ the share of expenditure going to capital (s) should be constant s ≈ 1
4

□ wages (w) should grow at the same rate as output per worker

28 / 33



Checklist: Kaldor facts

□✓ output per worker (y = Y/L) should grow at a constant rate gss
y = gA

□✓ capital per worker (k = K/L) should grow at a constant rate gss
k = gA

□✓ the capital-output ratio (K/Y ) should be constant Kss/Y ss = (k̃ss)1−α

□✓ the rate of return on capital (r) should be constant rss = α(k̃ss)α−1

□✓ the share of income going to labor (wL/Y ) should be constant 1−α ≈ 2
3

□✓ the share of expenditure going to capital (s) should be constant s ≈ 1
4

□ wages (w) should grow at the same rate as output per worker

28 / 33



Checklist: Kaldor facts

□✓ output per worker (y = Y/L) should grow at a constant rate gss
y = gA

□✓ capital per worker (k = K/L) should grow at a constant rate gss
k = gA

□✓ the capital-output ratio (K/Y ) should be constant Kss/Y ss = (k̃ss)1−α

□✓ the rate of return on capital (r) should be constant rss = α(k̃ss)α−1

□✓ the share of income going to labor (wL/Y ) should be constant 1−α ≈ 2
3

□✓ the share of expenditure going to capital (s) should be constant s ≈ 1
4

□✓ wages (w) should grow at the same rate as output per worker gss
w = gss

y

28 / 33



Comparative statics → transitional dynamics

What happens if we change s?

What happens if we change gL?

What happens if we destroy some K?

Problem Set #2
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An increase in s: What happens to k̃t?

Say s jumps to s′ at t = T ∗. . .

1. What is k̃T ∗?

2. What is the new k̃ss?

3. How do we get there?
• does k̃t jump immediately?
• when is growth fastest?
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An increase in s: What happens to gy?

gy = α(gK − gA − gL) + gA

• at T ∗: gK > gA + gL

• as t → ∞: gK ↘ gA + gL

(why? diminishing MPK)

Faster growth is temporary!
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An increase in s: What happens to y?

On a balanced growth path (---):

yBGP
t = At

(
k̃ss

)α

Higher level is permanent!
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A decline in gL: What happens to k̃t?

Say gL falls to g′L at t = T ∗. . .

1. What is k̃T ∗?

2. What is the new k̃ss?

3. How do we get there?
• does k̃t jump immediately?
• when is growth fastest?

What happens to gy and y?

33 / 33



A decline in gL: What happens to k̃t?

Say gL falls to g′L at t = T ∗. . .

1. What is k̃T ∗?

2. What is the new k̃ss?

3. How do we get there?
• does k̃t jump immediately?
• when is growth fastest?

What happens to gy and y?

33 / 33



A decline in gL: What happens to k̃t?

Say gL falls to g′L at t = T ∗. . .

1. What is k̃T ∗?

2. What is the new k̃ss?

3. How do we get there?
• does k̃t jump immediately?
• when is growth fastest?

What happens to gy and y?

33 / 33



A decline in gL: What happens to k̃t?

Say gL falls to g′L at t = T ∗. . .

1. What is k̃T ∗?

2. What is the new k̃ss?

3. How do we get there?
• does k̃t jump immediately?
• when is growth fastest?

What happens to gy and y?

33 / 33



A decline in gL: What happens to k̃t?

Say gL falls to g′L at t = T ∗. . .

1. What is k̃T ∗?

2. What is the new k̃ss?

3. How do we get there?
• does k̃t jump immediately?
• when is growth fastest?

What happens to gy and y?

33 / 33



References



Baqaee, David and Elisa Rubbo. 2023. “Micro propagation and macro aggregation.”
Annual Review of Economics 15 (1):91–123.

Baqaee, David Rezza and Emmanuel Farhi. 2019. “The microeconomic foundations of
aggregate production functions.” Journal of the European Economic Association
17 (5):1337–1392.

Barro, Robert J. and Xavier Sala-i Martin. 2004. Economic growth. Cambridge, MA:
The MIT Press, second ed.

Boehm, Johannes and Ezra Oberfield. 2020. “Misallocation in the market for inputs:
Enforcement and the organization of production.” Quarterly Journal of Economics
135 (4):2007–2058.

Houthakker, H. S. 1955. “The Pareto distribution and the Cobb-Douglas production
function in activity analysis.” Review of Economic Studies 23 (1):27–31.

Jones, Charles I. 2005. “The shape of production functions and the direction of
technical change.” Quarterly Journal of Economics 120 (2):517–549.

33 / 33



Jones, Charles I. and Dietrich Vollrath. 2024. Introduction to economic growth. New
York: W.W. Norton & Company, fourth ed.

Solow, Robert M. 1956. “A contribution to the theory of economic growth.” Quarterly
Journal of Economics 70 (1):65–94.

———. 1957. “Technical change and the aggregate production function.” Review of
Economics and Statistics 39 (3):312.

Syverson, Chad. 2011. “What determines productivity?” Journal of Economic
Literature 49 (2):326–65.

33 / 33


	References

